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CONTACT PROBLEM FOR A TWO-LAYER AGING VISCOELASTIC FOUNDATION'

E.V. KOVALENKO and A.V. MANZHIROV

A solution is given for the problem of the frictionless impression of a stamp into
a two-layered aging viscoelastic strip in the case of plane strain. The upper layer
is thin. The lower layer is hinge-fixed along the foundation. It is assumed that
the layers are in contact without friction, the force acting on the stamp and the
domain of contact do not change with lapse of time, the rheological properties of
the layers are described by the equations of the linear creep theory of aging mat-
erials, and the layers are fabricated at different times.

By using the Fourier integral transform in the longitudinal coordinate and the principle
of correspondence in the linear creep theory of aging media, the problem under consideration
is reduced to the determination of unknown contact stresses under the stamp from an integral
equation of the second kind containing Fredholm and Volterra operators. In the general case,
the solution of the equation obtained is constructed by asymptotic method for relatively large
times. In particular, when the hereditary properties of the layer materials are identical,
expansions are found for the fundamental characteristics of the phenomenon, which are validin
t+he whole range of time variation.

1. Let a layer 0 « y < h be hinge adherent to the surface of a layer of large thickness
H lying without friction on an undeformable foundation. We assume a rigid stamp is impressed
without friction by a force P with eccentricity of application ¢ on the upper boundary of such
a composite medium.

We associate the coordinate system 20y with the two-layer packet, and z'O'y’ with  the
stamp. The surface of the stamp foundation is given in the z'y axes
by the function y' = g(z'), and the line of contact is determined by
the inegquality |2 | <{a (Fig.l).

The rheological properties of the two-layer foundation will be
described by the linear creep theory equations of aging materials
/1/ (the numbeyxs k =1, 2 are appended to each layer counting from
the top down)
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Here s, (8}, ¢;;0(f) are the stress and strain tensor deviators, 3e® () is the volume
strain, o®(#) is the mean hydrostatic pressure, K® (f, 1) 1is the creep kernel for the uniaxial
state of stress, C®W(#, 1) is the measure of the creep, 1, is the time of application of the
stress to the element of the aging viscoelastic medium, 'rl(") is the time of fabrication of
this element. It is taken into account in (1.1) that +, the Poisson's ratio, and E® | the
modulus of instantaneous elastic strain of the material of the A-th layer, are independent
of time.

We shall examine the properties of the function C® (1), It is known (**) that the measure
of creep C® (1, T) can, under natural aging contitions when the material aging process is consider-
ed independent of the strain process, be represented as the product of two functions

*prikl.Matem.Mekhan. ,46,No.4,674-682,1982

**) Arutiunian, N.Kh. Theory of creep of inhomogeneously-aging bodies. Preprint of the
Institute of Problems of Mechanics, Academy of Sciences of the USSR, Moscow, Neo. 170, 1980.

536



CH (4, 1) =CO(t —1,7) =¢® (1) fO(t — 1) (1.2)
¢® (1) = lim C® (£, 1), VT, (O (L 6 =0
t—co

one of which @® (1) takes account of the material aging process while the other fM(t —1) is
the influence of the duration of its loading. The aging function ¢® (1) is continuous, bound-
ed, and decreases monotonically with the increase in age, tending to a certain constant Cy®),
which is the limit value of the measure of material creep in its old age. The function
J® (t — 1), characterizing the hereditary properties of the material, would vary within the
limits 0 f®(t — 1) 1 in the range 0t — 1< oo. Approximating f® (i —1) by a finiteset
of exponential functions

ot — 1) = EB“’exp[ YOt~ )]

J_.

Bf)k)=1, ZIOBS]:):O, Y(()k)=0’ ng)>0 (j:l,z.-.-,N)

where B;®, v/ are constant parameters selected in a suitable manner for this material, we
write in conformity with (1.1) and (1.2)

lim K® (¢, 1) = [¢® (D)’ {1.3)

t—co

Now using the results of /2/ and the principle of correspondence /1/, we cobtain an in-
tegral equation in the unknown contact pressures ¢ (z, 1) under the stamp. Taking account of
the smallness of the quantity ha ! and the notation

B =Fa"l, z*=ual, 1*=17,}, 60 =0.5EM |1 — (v
¢ =0.5ha770® (00, (1P = Pl g* (o, 14y =
OB gz, 1), EOCH (1, 1) = [C® (1%, T9)]*, g (z) = ag* (z*)

(we later omit the asterisk), we write it in the form

t
c[q(x,t) Sq {(z, 1) KO (¢ — Y, r—ﬁ“)dr] 4 J{S‘I(E Hl—In|t—z|+ D] dt — (1.4)
3

t 1
(K@t — 1P, c—P)ar § (,r)[—ln|§—x]+D]d§}=
1 -1
n[6() 4 a(t)r —g(x)]

2] <1, 1<t< T <oo,D =ln(Ha") — 0,352

Here 8(f) + a(f)z is the rigid displacement of stamp under the action of the applied
force P and the moment M = Pe.
The statics conditions
1 1
Ry=P(a) = gq(z,)dr, Ro=Pe(a®y = { 2q(z,1)dz (1.5)

-1 1

must be added to (1.4).

We note that for t =1 equation (l.4) and conditions (1.5) acquire a form known from the
theory of classical contact problems and correspond to the problem of impression of a stamp
into an elastic strip of large thickness covered by Winkler springs /3/

1
eq(z, 1)'+ S gEDI—In[E—z|+ Djdt=nb() +al)z—g@)] (z|<1) (1.6)
—l 1. 1.
Ry= S q(z, 1) dx, Rgzs zq (x, 1) dx (1.7)
-1 'y
Moreover, it is shown /3/ that if the function g {z) € L,{(—1. 1), then the solution of the

integral equation (1.6) in the space L, (—1,1) exists and is unique for any value of the para-
meter ¢ & (0, o).

2. Let us construct the solution of (1.4) for the problem formulated in the case P =
const. Without limiting the generality of the discussion, we study just the even variant (g (z)
is an even function of =z, and «(f)=0) by keeping in mind that everything can be done anal-
ogously for the odd case.
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In conformity with the algorithm elucidated in /4/, let us examine the equivalent
integral equation in place of (1.4):
r:
e{q(ln H—q@ ) —Yer KO -1 1 —Pydr ] -
i d
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and let us seek its solution in the form

qlx l) 2 t)q: (2.2)

Representing the function 8§ (¢) that characterizes the rigid displacement of the stamp in
the form /4/

O(t) ==y (t) + 8¢ -+ 26,4 (2.3)

where 8, 6; (j =0,1,..., ... are constants, we obtain
t
eqo(2)§ KOt — o, v — oy ar (2.4)
) .
t

1
§E@ @~ 1 @) dn § g0 ®)[— In|t— 2| + D)t —
1 1
7 fy (D) —y ()]

t

Sz, () [[((2)(1—1(2)’1_1(4))+a‘c[{(1)(z__.r(1) Tﬁtgl))]drz(i + ea)) [2 (1) — 2, (1)] (2.5)
1
i
0= =50 —zu) —§ 2@ K@~ - — ) ar (2.6)
1
1
wAqr=g: +nad;, Ap={ ¢~ In|t—z|+ D)dk (2.7

lz 1<, 1<t T <o, i1

We note that for such a choice of the solution of the problem (see (2.2) and (2.3)),
equation (2.4) is not successfully satisfied exactly in the general case. Taking into account
the behavior of the creep kernel for large times (1.3), we satisfy (2.4) in the asymptotic
sense as {-» oo, We set

t i

S RO — 1, v — 1) dr o F (@, o) § K0 (¢ — o, 1 — ) e
1 1

F (Til, (2)) CP(”“- _ _[(2) [CP“') (1 (1) ] 1,

(this relaticnship is satisfied exactly if the hereditary properties of the material of the
layers are identical). Then
t
—§gw@ — o v~y dr, y(1)=0 (2.8)
1

and ¢, () is determined from an integral equation of the type (1.6)
1
ego () + F (2, 6 § qo®(—Inje—z| + Didk=n8 (=] <1
<1

) (2.9)

for which the method of solution is elucidated in Qetail in /3/.
We examine the Fredholm integral equation (2.7) and we seek its solution in the form of
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a Fourier series in an orthonormalized system of Legendre pclynomials
Sl —_—
5% i % 25
@ =¥ Tad Yo' Phe). Pro=) 50 pw (2.20)
0

It is known /5/ that they form a basis in L, (—1,1). Furthermore, expanding the kernel
(2.7) in a double series in the mentioned system of polynomials

~llt—z{+ D=3 3 rmPin®Pn@ (2.11)

m=0 N=0

substituting (2.10) and (2.11) into (2.7), using the property of orthogonality of the Legendre
polynomials, and equating coefficients of the left and right sides for polynomials of identical
number in the relationship obtained, we obtain (§;,is the Kronecker delta)

azJ§0a§f>rnj=ag>+50" (>1n—01..) (2.12)

According to the inequality

L o
2 2 r%nn=81< x, Bj==const
m=0 n=0
resulting from (2.11), it can be asserted that the operator in the left side of (2.12) acts
from the total space of quadratically summable sequences [, into [, and is completely con-
tinuous there. Therefore, if the main determinant A of the system (2.12) is different from
zero, then the Hilbert theorem about its solvability /5/ is applicable. Moreover, taking
account of (2.10), we find from (1.5)
o 1
Ry=Po+ 3 Pty (t), Po= go(z)dx (2.13)

i=1 -1

1
Pi=S qi@dz=nV 28,0 =0, o =0 (i>1)
-1

The second of conditions (2.13) is to determine the unknown quantities ;. Indeed, from
the system (2.12) we have @, = A A™, where A; is an auxiliary determinant obtained from A
by replacing the first column by the elements {1,0,...,0,...}. The determinant A, is sym-
metric, consequently its roots o = @; (i > 1) are real. Have determined @; we then find
af®(j =1,2,...) from the infinite algebraic system (2.12), and we therefore construct the
sequence of functions {g; () (n} 2a,;8;)™}.

We now satisfy thie selection of a countable set of constants §; and z; (1) (i >> 1) for the
integral equation (1.6) (g (1)=:0). Assuming g () & L, (—1, 1), we represent it in the form

§@ =3 8P (@) (2.14)
n=
Substituting (2.14), and (2.11) into (1.6), we obtain

eX; +ﬂz=|o TmnXa=a{VZ8(1)8;;—gl (G=0,1,..) (2.15)
1

X;= S g (2, 1) P};(z) dz-

—~1

(2.16)

Having solved the infinite algebraic system (2.15), by taking account of the formula

o0 £

9@ ) =go(@) +aVZ D abizi (1) D) afPPyy* (2)

=1 j=0
we will have from the relationship (2.16)

Bz(1)=b, bel, (2.17)

1

B=a}Z|oadiaf’], b={X;l—§ qu(z) Py* (2) dr|
1

2 (1) = (z, (1)} -
(i=1,2,...:7=0,1,2,..)

We now solve the system (2.17), Firstly, taking account of the results in /6/, it can
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be asserted that f; <<a; <Py (i 3> 1), where Bi are characteristic primes of the operator A
(2.7). But then o; = Oli(ln )1} as {-—r co. Secondly, setting 8; = q;”¥* (a foundationwill
be given below), by virtue of (2.12) )

o oo
2 2 el oo
Jeh =1
i.e., the operator B is completely continucus from [, into [,
The element zM (1) e M (the set of uniformly bounded and equipotentially continuous sequ-
ences in ly) will be called a quasisolution /7,8/ of (2.17) in M if
inf{} B2O 4y — b, 20 (1) &= M}
Besides (2.17) we introduce the truncated system

B*z* (1) = b* (2.18)
1

Br=a V2] aba| b ={X~ § a(a) Pos* (2) ds}
~1
2% (1) = {z; (1))
i=1,2,..,.n 7=0,12,...,n—1)
It is proved /7,8/ that if the operator B! ({(not necessarily bounded) exists, then the

quasisolution of (2.17) in the compact M also exists, is unique, and depends continucusly on
the right side b. Moreover

lim | 20 (1) —2* (1) |, = 0

and 2* (1) can be found by the methods of /7,8/, say.
Furthermore, it follows from (2,10}

(s G Lot 1y == 2702 {aty)~"e Eo ol < (2.19)
n=

2% (@A 3 (el 3 (e 2t (o) B
N =0
By, =const; i,j=1,2 ...

we note that 8 {1}in the system (2.15) can be considered independent of §; (i 2» 1) because

o
8 (1) =80+ 3 8y (1)
i==1
and is determined during the solution of the problem in terms of the value of the impressing
force R, by using the first statics condition (1.7) /3/. It is here pertinent to note that
pecause of the first condition in (2.13) the constant § is alsc related to R; (compare (2.9}
to (1.6)).

3. We turn to an investigation of the Volterra integral equation of the second kind
(2.5). According to the constraints imposed on its kernel in Sect.l, it is solvable uniquely
/5/ in the space of functions C (1, T) continuous in [1, T} for any values of the parameters ;
and ¢. To construct the approximate solution of (2.5), we limit ourselves to the first two
terms /1/ in the epxressions for ¢ (1) and 9 {t — 1), i.e.,we take

R — 1) =1 —exp [—y® (¢t — 1)} (3.1}
o® (1) = Co®) + AW exp (—p®) 1), P& = const

It is known /1l/ that the solution (3.1) of the integral equation (2.5) can be obtained
by reducing it to a certain ordinary second order differential equation with variable coef-

ficients. Furthermore, assuming for simplicity that ) = y® =y, BB = @ = §, AW = AC) = A*,
CV = C® = ¢, , we will have
27 F v U+ Cp o (L0 ™) el () =0 (3.2}

77 () 27 (1) + 9Cy + vePps (1, ©®) =0

u (1@, 4®) = A% (4 + @) fexp Br®) + o ¢ exp (Hr®)]
or

2ty =12, (1) — 2, (1) y [Co + e Py, (1, 1)} x (3.3}
t

{exp{— LB (1 +Cop(r— 1) + ey (1, 1) (1 — e ax
i

Having determined the function z (f) according to (3.3), the sequence {y; () <can be
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constructed from (2.6), which we write in the following form by taking account of the relation-
ships (1.1) and (1.2)
£
O =20 + 5N ¢ —o1— ) 4 {7 @ o - - dn ph=u) (3.4)
1

i.e., in addition the solution of the formulated problem ¢ (z,f) and 8(f) can also be written
down. For the final foundation of the solution constructed, the convergence of the series
(2.2) and (2.3) as well as the linear independence of the system of functions {y; ()} should
be proved.

Theorem 1. The system of functions {y; (f)} is linearly independent.

We shall reason for any finite system of functions {z: ()} and we shall assume it linearly
independent, i.e., such constants Dj exist among which are some different from zero, and the
following equality is satisfied

,21 Diz; (t) =0 (3.5)

Then taking account of (2.5) and the behavior of the creep kernels for a sufficiently large
time, we write

F (W, <) 4 ca, (3.6)
Z‘JM—I%—’ Dz, (t)=0

i=1

From (3.5) and (3.6) we will have

F (), 12 +ca;
Z—iﬂr_pjzi(t) =0(n=1,2..)
j=n
This last equation is satisfied if and only if all D; = 0. The contradiction obtained indeed
proves the linear independence of the system of functions {z; (f)}.
The linear independence of the functions {¥; (f)} follows from (3.3) and (3.4).

Theorem 2. The series (2.2) converges uniformly in ¢ in (1, T] for all T>1 in L, (-1,
1) and determines the generalized solution of (1l.4).
In fact, we estimate the residue of the series

o

1D 2000 @ Bicn < D 20 () 20 () (G G tacrv) < (3.7)
n==j m, n=j
2128y D) [0a "2, (1)) D) om 2 (t)| <e (> )
n=j m=j

where €& is an arbitrarily small number. The inequality (2.19), the fact of the boundedness of
2z (£) [z; (1)1, as well as the reasoning presented at the end of Sect.2 are used here.

If the inequality (3.7) is satisfied, then the series (2.2) converges uniformly at ¢
M, TI(T' >1) in L, (—1,1) and the first property of the generalized solution is satisfied (see
/9/+ p.500). As follows from the reasoning in Sect.2, its remaining properties are also con-
served. The theorem is proved. (The convergence of the series (2.3) is established analog-
ously).

4. BAs an illustration we present the solution of the formulated problem in the case when
g (z) =0 (the stamp has a flat base).

1.25 1.75
Fmez ¥min &
g '\ p 3
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075—— \ 7 !
1 2 /‘______;
075 1.25
3
0.5 -
f J
0.25 Lz e
g 2.3 7 4
Fig.?2 0.25 4 0.75 ¢
a 0.5 1 1 1.5 2

Fig.3 «Fig.4
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s Ha™ =6, ¢ =05;Cy = 05522 4% =4 y = 6,8 = 3.4; 1, = 100 days
5 are encountered for concrete structures analyses.

Graphs of the distribution of tne contact pressures ¢{z, f) are presented in Fig.? for
Ar=V 1 ® =1 and =1 (I),1 =105 (&), ¢t = 2(}). It is seen that as the time grows and the other
factors remain unchanged the normal stresses under the stamp tend to a certain limit value.

The dependences between dn,y ¢, A1) =9 {1 6 AT, g5 (1, A1) = ¢ (0, 1, A1) and At are displayed in
Fig.3 for different fixed values of ¢

(@max (1-05,80)— (1), ¢ 154 (20 AT~ (@), g1in(2, AT) — (8), gpyip (105, A1) — ().

t can be noted that as AT grows the maximal contact pressures diminish while the minimal
r

essures increase

The dependence § (1) is presented in Fig.4 for fixed values of At {(Av= 0—(I), av= 0.8—(2),
At =1 (3)). It is seen that as the time ¢ lapses the function §{f grows and tends to the limit
th

N o) 1 e A [

value whice ge RN
value which will be the A~ALyer Lile yreaiel A

cne at.

Remarks, lo. In the case when the layers are fabricated from the same material and
have the very same age but the force acting on the stamp with a flat base is independent of
time, by taking account of the results in /2/ and the correspondence principle /1/ we obtain
that the contact pressure distribution will be the same as in the elastic problem, i.e., in
this case the creep exerts no influence on the contact pressure distribution.

29, The solution (3.1) of the integral equation (2.5) can be obtained in closed form
even for arbitrary aging functions ¢%¥(1). In particular, for yP= y® =9 we will have

gm=4mﬁ+§mmnh]
1

where Ri{i, 1} is the resolvent of the N. Kh. Arutiunian kernel

1 a
=TT T, 5 {1 — e-’v(l—")) ((P(ﬁ) (t— TSAZ)) + aic@(l) (T — Tg})l)

K! {t, 1)

whose form is presented in /10/.

The authors are grateful to N. 1. Arutiunian and V.M. Aleksandrov
research.
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